Detecting Noisy Channels by Channel Discrimination : Local versus
  Entangled Resources by Bae, Joonwoo & Singal, Tanmay
Detecting Noisy Channels by Channel Discrimination :
Local versus Entangled Resources
Joonwoo Bae1 and Tanmay Singal2
1 School of Electrical Engineering, Korea Advanced Institute of Science and Technology (KAIST),
291 Daehak-ro, Yuseong-gu, Daejeon, 34141, Korea, and
2Department of Applied Mathematics, Hanyang University (ERICA),
55 Hanyangdaehak-ro, Ansan, Gyeonggi-do, 426-791, Korea.
December 6, 2018
Abstract
Dynamics of many-qubit systems, that may correspond to computational processing with
quantum systems, can be efficiently and generally approximated by a sequence of two- and
single-qubit gates. In practical applications, however, a quantum gate prepared as a unitary
transformation may appear as a noisy channel and consequently may inhibit quantum advan-
tages. In this work, we apply the scheme of channel discrimination to detect if a quantum gate
that is actually realized is unitary or noisy. We show that a two-qubit unitary transformation
and its noisy counterpart can be optimally discriminated by local resources, without the neces-
sity of creating entanglement repeatedly. It is also shown that the scheme can be applied to
estimation of the fraction of noise existing in quantum gates.
1 Introduction
As quantum dynamics, that may lead to quantum advantages, can be realized by concatenation
of quantum gates, it is of great importance to prepare quantum gates with a high precision for
quantum information applications. Remarkably, arbitrary quantum dynamics can be constructed
by composing single- and two-qubit gates only [3] [6] [5], which are then called elementary quantum
gates [4]. It appears that realisation of single-qubit states is often feasible in experiment, while two-
qubit gates and their concatenation still remain challenging. This can be equivalent to the difficulty
of generating a large-size entangled state [2]. Once entangled states are obtained, they are a general
resource for quantum information processing [1]. Therefore, quantum interactions that lead to
composition of quantum gates are also a resource for quantum information processing.
Let us now consider a practical scenario of realizing a two-qubit gate, denoted by U . There often
exist unwanted interactions with environment, due to which one ends up with a noisy channel, NU ,
that corresponds to a completely positive and trace-preserving map over quantum states. In other
words, once a two-qubit gate is implemented, it may appear as a noisy channel with some probability,
see Fig. (1). If a two-qubit gate containing some noise is incorporated to a quantum circuit, the
noise may propagate over the circuit since the gate introduces interactions among quantum systems.
One can devise a quantum circuit where a local noise does not contaminate other systems. If this
demands more resources, such as is the case when designing fault-tolerant circuits for quantum error
correcting codes, which requires even more quantum interactions and entanglement, from a practical
1
ar
X
iv
:1
81
2.
02
08
7v
1 
 [q
ua
nt-
ph
]  
5 D
ec
 20
18
U(·)U † or NU (·)
<latexit sha1_base64="4aYoMS47hy+zqQwkfy9dQS+ggvw=">AAAB/XicbVBPS 8MwHE3nvzn/VcWTl+AQ5mW0Iqi3oRdPMsG6wVpKmqZbWJqUJBVGGfhVvHhQ8er38Oa3Md120M0Hgcd7vx+/lxdljCrtON9WZWl5ZXWtul7b2Nza3rF39x6UyCUmHhZMyG 6EFGGUE09TzUg3kwSlESOdaHhd+p1HIhUV/F6PMhKkqM9pQjHSRgrtAz9FeoARK27HoQcbPo6FPgntutN0JoCLxJ2ROpihHdpffixwnhKuMUNK9Vwn00GBpKaYkXHNzxX JEB6iPukZylFKVFBM4o/hsVFimAhpHtdwov7eKFCq1CiNzGQZVs17pfif18t1chEUlGe5JhxPDyU5g1rAsgsYU0mwZiNDEJbUZIV4gCTC2jRWMyW4819eJN5p87Lp3p3VW 1ezNqrgEByBBnDBOWiBG9AGHsCgAM/gFbxZT9aL9W59TEcr1mxnH/yB9fkD3Y+U+A==</latexit><latexit sha1_base64="4aYoMS47hy+zqQwkfy9dQS+ggvw=">AAAB/XicbVBPS 8MwHE3nvzn/VcWTl+AQ5mW0Iqi3oRdPMsG6wVpKmqZbWJqUJBVGGfhVvHhQ8er38Oa3Md120M0Hgcd7vx+/lxdljCrtON9WZWl5ZXWtul7b2Nza3rF39x6UyCUmHhZMyG 6EFGGUE09TzUg3kwSlESOdaHhd+p1HIhUV/F6PMhKkqM9pQjHSRgrtAz9FeoARK27HoQcbPo6FPgntutN0JoCLxJ2ROpihHdpffixwnhKuMUNK9Vwn00GBpKaYkXHNzxX JEB6iPukZylFKVFBM4o/hsVFimAhpHtdwov7eKFCq1CiNzGQZVs17pfif18t1chEUlGe5JhxPDyU5g1rAsgsYU0mwZiNDEJbUZIV4gCTC2jRWMyW4819eJN5p87Lp3p3VW 1ezNqrgEByBBnDBOWiBG9AGHsCgAM/gFbxZT9aL9W59TEcr1mxnH/yB9fkD3Y+U+A==</latexit><latexit sha1_base64="4aYoMS47hy+zqQwkfy9dQS+ggvw=">AAAB/XicbVBPS 8MwHE3nvzn/VcWTl+AQ5mW0Iqi3oRdPMsG6wVpKmqZbWJqUJBVGGfhVvHhQ8er38Oa3Md120M0Hgcd7vx+/lxdljCrtON9WZWl5ZXWtul7b2Nza3rF39x6UyCUmHhZMyG 6EFGGUE09TzUg3kwSlESOdaHhd+p1HIhUV/F6PMhKkqM9pQjHSRgrtAz9FeoARK27HoQcbPo6FPgntutN0JoCLxJ2ROpihHdpffixwnhKuMUNK9Vwn00GBpKaYkXHNzxX JEB6iPukZylFKVFBM4o/hsVFimAhpHtdwov7eKFCq1CiNzGQZVs17pfif18t1chEUlGe5JhxPDyU5g1rAsgsYU0mwZiNDEJbUZIV4gCTC2jRWMyW4819eJN5p87Lp3p3VW 1ezNqrgEByBBnDBOWiBG9AGHsCgAM/gFbxZT9aL9W59TEcr1mxnH/yB9fkD3Y+U+A==</latexit><latexit sha1_base64="4aYoMS47hy+zqQwkfy9dQS+ggvw=">AAAB/XicbVBPS 8MwHE3nvzn/VcWTl+AQ5mW0Iqi3oRdPMsG6wVpKmqZbWJqUJBVGGfhVvHhQ8er38Oa3Md120M0Hgcd7vx+/lxdljCrtON9WZWl5ZXWtul7b2Nza3rF39x6UyCUmHhZMyG 6EFGGUE09TzUg3kwSlESOdaHhd+p1HIhUV/F6PMhKkqM9pQjHSRgrtAz9FeoARK27HoQcbPo6FPgntutN0JoCLxJ2ROpihHdpffixwnhKuMUNK9Vwn00GBpKaYkXHNzxX JEB6iPukZylFKVFBM4o/hsVFimAhpHtdwov7eKFCq1CiNzGQZVs17pfif18t1chEUlGe5JhxPDyU5g1rAsgsYU0mwZiNDEJbUZIV4gCTC2jRWMyW4819eJN5p87Lp3p3VW 1ezNqrgEByBBnDBOWiBG9AGHsCgAM/gFbxZT9aL9W59TEcr1mxnH/yB9fkD3Y+U+A==</latexit>
U1
<latexit sha1_base64="ceHZK501uL pRDpMOz3sJ0395b8M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r GltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTml ldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPX FtRKIecJzyIKYDJSLBKFrp3u95vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PD fFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ 0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp 2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PW klPMHMIfOJ8/REaNUQ==</latexit><latexit sha1_base64="ceHZK501uL pRDpMOz3sJ0395b8M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r GltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTml ldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPX FtRKIecJzyIKYDJSLBKFrp3u95vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PD fFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ 0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp 2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PW klPMHMIfOJ8/REaNUQ==</latexit><latexit sha1_base64="ceHZK501uL pRDpMOz3sJ0395b8M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r GltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTml ldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPX FtRKIecJzyIKYDJSLBKFrp3u95vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PD fFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ 0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp 2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PW klPMHMIfOJ8/REaNUQ==</latexit><latexit sha1_base64="ceHZK501uL pRDpMOz3sJ0395b8M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r GltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTml ldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPX FtRKIecJzyIKYDJSLBKFrp3u95vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PD fFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ 0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp 2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PW klPMHMIfOJ8/REaNUQ==</latexit>
U2
<latexit sha1_base64="jCpxBWc1ugj llkn90XnOJFrY1dI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxh baUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1 js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgx ikGMR1IHnFGjZXu/V69V6m6NXcGsky8glShQLNX+er2E5bFKA0TVOuO56YmyKkynA mclLuZxpSyER1gx1JJY9RBPjt1Qk6t0idRomxJQ2bq74mcxlqP49B2xtQM9aI3Ff/ zOpmJLoOcyzQzKNl8UZQJYhIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2xC8xZeXiV+v XdW8u/Nq47pIowTHcAJn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3nrilPMHMEfOJ8/R cmNUg==</latexit><latexit sha1_base64="jCpxBWc1ugj llkn90XnOJFrY1dI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxh baUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1 js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgx ikGMR1IHnFGjZXu/V69V6m6NXcGsky8glShQLNX+er2E5bFKA0TVOuO56YmyKkynA mclLuZxpSyER1gx1JJY9RBPjt1Qk6t0idRomxJQ2bq74mcxlqP49B2xtQM9aI3Ff/ zOpmJLoOcyzQzKNl8UZQJYhIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2xC8xZeXiV+v XdW8u/Nq47pIowTHcAJn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3nrilPMHMEfOJ8/R cmNUg==</latexit><latexit sha1_base64="jCpxBWc1ugj llkn90XnOJFrY1dI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxh baUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1 js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgx ikGMR1IHnFGjZXu/V69V6m6NXcGsky8glShQLNX+er2E5bFKA0TVOuO56YmyKkynA mclLuZxpSyER1gx1JJY9RBPjt1Qk6t0idRomxJQ2bq74mcxlqP49B2xtQM9aI3Ff/ zOpmJLoOcyzQzKNl8UZQJYhIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2xC8xZeXiV+v XdW8u/Nq47pIowTHcAJn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3nrilPMHMEfOJ8/R cmNUg==</latexit><latexit sha1_base64="jCpxBWc1ugj llkn90XnOJFrY1dI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxh baUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1 js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgx ikGMR1IHnFGjZXu/V69V6m6NXcGsky8glShQLNX+er2E5bFKA0TVOuO56YmyKkynA mclLuZxpSyER1gx1JJY9RBPjt1Qk6t0idRomxJQ2bq74mcxlqP49B2xtQM9aI3Ff/ zOpmJLoOcyzQzKNl8UZQJYhIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2xC8xZeXiV+v XdW8u/Nq47pIowTHcAJn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3nrilPMHMEfOJ8/R cmNUg==</latexit>
U3
<latexit sha1_base64="lxycax2VXP9d12X+siCqDKoSdEw=">AAAB6XicbVB NS8NAEJ3Ur1q/qh69LBbBU0lUUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXplIYdN0vp7S0vLK6Vl6vbGxube9Ud/ceTJJpxn2 WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlH3OE55ENOBEpFgFK105/dOe9WaW3dnIH+JV5AaFGj2qp/dfsKymCtkkhrT8dwUg5xqFEzySaWbGZ5SNqID3rFU 0ZibIJ+dOiFHVumTKNG2FJKZ+nMip7Ex4zi0nTHFoVn0puJ/XifD6CLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nYkPwFl/+S/yT+mXduz2rNa6K NMpwAIdwDB6cQwNuoAk+MBjAE7zAqyOdZ+fNeZ+3lpxiZh9+wfn4BkdMjVM=</latexit><latexit sha1_base64="lxycax2VXP9d12X+siCqDKoSdEw=">AAAB6XicbVB NS8NAEJ3Ur1q/qh69LBbBU0lUUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXplIYdN0vp7S0vLK6Vl6vbGxube9Ud/ceTJJpxn2 WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlH3OE55ENOBEpFgFK105/dOe9WaW3dnIH+JV5AaFGj2qp/dfsKymCtkkhrT8dwUg5xqFEzySaWbGZ5SNqID3rFU 0ZibIJ+dOiFHVumTKNG2FJKZ+nMip7Ex4zi0nTHFoVn0puJ/XifD6CLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nYkPwFl/+S/yT+mXduz2rNa6K NMpwAIdwDB6cQwNuoAk+MBjAE7zAqyOdZ+fNeZ+3lpxiZh9+wfn4BkdMjVM=</latexit><latexit sha1_base64="lxycax2VXP9d12X+siCqDKoSdEw=">AAAB6XicbVB NS8NAEJ3Ur1q/qh69LBbBU0lUUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXplIYdN0vp7S0vLK6Vl6vbGxube9Ud/ceTJJpxn2 WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlH3OE55ENOBEpFgFK105/dOe9WaW3dnIH+JV5AaFGj2qp/dfsKymCtkkhrT8dwUg5xqFEzySaWbGZ5SNqID3rFU 0ZibIJ+dOiFHVumTKNG2FJKZ+nMip7Ex4zi0nTHFoVn0puJ/XifD6CLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nYkPwFl/+S/yT+mXduz2rNa6K NMpwAIdwDB6cQwNuoAk+MBjAE7zAqyOdZ+fNeZ+3lpxiZh9+wfn4BkdMjVM=</latexit><latexit sha1_base64="lxycax2VXP9d12X+siCqDKoSdEw=">AAAB6XicbVB NS8NAEJ3Ur1q/qh69LBbBU0lUUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXplIYdN0vp7S0vLK6Vl6vbGxube9Ud/ceTJJpxn2 WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlH3OE55ENOBEpFgFK105/dOe9WaW3dnIH+JV5AaFGj2qp/dfsKymCtkkhrT8dwUg5xqFEzySaWbGZ5SNqID3rFU 0ZibIJ+dOiFHVumTKNG2FJKZ+nMip7Ex4zi0nTHFoVn0puJ/XifD6CLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nYkPwFl/+S/yT+mXduz2rNa6K NMpwAIdwDB6cQwNuoAk+MBjAE7zAqyOdZ+fNeZ+3lpxiZh9+wfn4BkdMjVM=</latexit>
Figure 1: A unitary gate on quantum states can be decomposed into a sequence of single and two-
qubit gates, U ≈ U1U2U3 · · · , to arbitrary precision, where two-qubit gates introduce interactions
of qubits and can generate entangled states. In a practical realization, it may happen that a gate
suffers unwanted interaction with environment so that its noisy counterpart is actually implemented
on qubits. For instance, the quantum gate U2 that transforms a state ρ as U2(ρ) = UρU
† may be
actually realised as a noisy channel: NU (ρ) with some probability. From a practical point of view,
one would like to know which of U(·)U† and NU (·) has been actually realized.
point of view one may prefer to detect a noisy quantum gate immediately, so that the gate may be
chosen individually to fix or improve. This defines the problem of channel identification, that aims
to find which of U and NU is actually realized as the operation in a quantum gate. One may also
have a priori probabilities about which one is to appear. To tackle the problem in a brute force way,
one could apply quantum process tomography that identifies the quantum channel that has been
actually performed [7] [8]. This, however, has a higher cost due to a large number of quantum
measurements together with classical post-processing.
We here consider the strategy of optimal quantum channel discrimination to find if a two-qubit
gate realized in a circuit is unitary or noisy, i.e., channel discrimination between a two-qubit gate
U and its noisy operation NU . This leads to a cost effective method fitted in a scenario of one-
shot channel identification. In particular, we address the question of how useful local operations
and classical communication (LOCC) is in the scenario of channel discrimination. This is because
measurement in an entangled basis repeatedly requires an implementation of quantum interactions,
and such interactions may again be tainted with the same noisy imperfections as happens in NU .
In fact, we show that optimal channel discrimination can be achieved by local resources only, i.e.,
LOCC, and also provide an LOCC protocol for optimal discrimination. Moreover, we also show that
the protocol can be applied for finding how noisy NU is, that is, estimation of the noise fraction.
Examples are also presented.
The paper is structured as follows. In the next Sec. 2 we summarize the results. In sec. 3, we
introduce the problem in more detail, after which in Sec. 4 we prove that a two-qubit gate and its
noisy counterpart can be optimally discriminated using only LOCC. In Sec. 5 relevant examples are
shown, the controlled-NOT gate and the SWAP gate, in which the LOCC discrimination is described
in detail. In Sec. 6, the usefulness of the protocol for LOCC discrimination is discussed, firstly in
the estimation of the noise fraction and secondly in various types of noisy channels. In Sec. 7, we
conclude the result.
2
2 Summary of Results
Although quantum channels and quantum states are closely related to each other, e.g. [9, 10, 11], it
has been recognized that they are not equivalent in tasks of distinguishability. First of all, ancillary
systems can improve discrimination of quantum channels, which is not the case with quantum states.
Namely, for any pair of channels Ni : S(Hin)→ S(Hout) for i = 1, 2 where S(H) denotes the set of
quantum states on a Hilbert space H, there exists a quantum state ρ ∈ S(H1 ⊗HA) that improves
distinguishability of the quantum channels [12]. This is in fact equivalent to the condition that
entanglement is contained in a quantum state ρ ∈ S(H1 ⊗HA) [12] [13].
For unitary transformations, it has been shown that, for two unitaries U or V if they can be
repeatedly applied to a fixed quantum state without ancillary systems attached, there exists a
finite number of repetitions NG after which the two unitary transformations U
NG and V NG can
be perfectly discriminated [14] [15]. The results can be extended to unitary transformations for
multipartite systems, even without requirement of entangled states. Namely, perfect discrimination
of multipartite unitary transformations can be done within a finite number NLOCC of repetitions in
an LOCC scenario [16] [17]. It is, nonetheless, noteworthy that more repetitions may be necessary
in an LOCC scenario, that is, we have NLOCC ≥ NG in general [16] [17] [18].
The main contribution of the present article is to investigate optimal discrimination between
a two-qubit gate U and its noisy counterpart NU , and to find its applications to the problem of
deciding if a two-qubit gate in a quantum circuit is unitary or noisy. In particular, it is shown that
optimal channel discrimination can be achieved using local resources only: a protocol for optimal
channel discrimination is provided, which nowhere applies entangled resources but works only with
LOCC, preparation of a separable state and local measurements with classical communication.
The channel discrimination with local resources works as follows: to establish which of U or NU
is realized in the circuit, we choose our input state ρ to maximize the distinguishability between
UρU† and NU [ρ]. This maximization is done over all input states ρ. This optimization can be
achieved with a pure state, denoted by |ψ〉, such that U |ψ〉〈ψ|U† and NU [|ψ〉〈ψ|] are rank one and
rank-three states. We show that one can prepare a product input state |ψ〉 such that the output
states U |ψ〉 and NU [|ψ〉] can be optimally discriminated using LOCC. For this, the results are
shown in the following order. In Theorem 1, it is shown that optimal discrimination of two bipartite
quantum states with global operations can also be achieved by LOCC if and only if two measurement
operators, that is, positive-operator-valued-measures (POVMs), for the optimal discrimination can
be discriminated perfectly by LOCC. This allows one to consider the equivalent formulation of LOCC
distinguishability. We then show that the optimal measurement that discriminates between a two-
qubit unitary transformation and its noisy counterpart contains rank-one and rank-three POVMs.
Lemma 2 shows that these POVMs can be perfectly discriminated by LOCC if and only if one of them
is separable. In Theorem 3, it is shown that for a two-qubit unitary transformation and its noisy
counterpart, one can always find a product state such that the rank-one POVMs in the optimal
measurement for distinguishing the resulting states is separable. Therefore, a two-qubit unitary
transformation and its noisy counterpart can be perfectly discriminated by local resources only. In
addition, the LOCC protocol can also be exploited to estimate the fraction of noise existing in a
noisy channel. We present examples to demonstrate the LOCC protocol for channel identification
and noise estimation.
3 Identification of quantum gates
For a two-qubit gate U , its noisy counterpart NU corresponds to a general quantum channel, i.e.
completely positive and trace-preserving map over quantum states. Let us consider its noisy coun-
3
U(·)U † or N pU (·)
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Figure 2: Once implementation of a two-buit gate U is attempted, noise may occur with some
probability, i.e., the ideal one U or its noisy counterpartN pU in Eq. (1) appears with some probability.
This can be identified as the problem of discriminating between two quantum operations, one unitary
transformation and the other a general quantum channel. In an LOCC protocol, only local resources
are exploited, such as the preparation of separable states ρAB = ρA⊗ ρB in the beginning and local
measurements wired by classical communication. A global strategy would incorporate preparation
of an entangled state and collective measurement.
terpart with random noise in the following form,
N pU [·] = (1− p)U(·)U† + pD(·) (1)
where p ∈ [0, 1] is the fraction of noise and D denote the complete depolarization, D(ρ) = I/4 for
all two-qubit states ρ. In order to find if implementation is given by gate U , or not, we consider the
discrimination between gate U and its noisy channel in a standard form N pU .
To describe the channel identification, suppose that there is a box in which two operations a
two-qubit gate U and its noisy operation N pU are applied with a priori probabilities 1 − q and q,
respectively. The goal is to find if the box applies the unitary transformation or the noisy one in the
one-shot scenario. One can prepare an input state and get measurement outcomes, from which the
conclusion is then made. This is a typical scenario one has in a laboratory: preparing experimental
apparatus to perform an operation on quantum states, one wants to know if the experimental setup
corresponds to a desired operation or a noisy counterpart.
Let X denote the operation prepared in the box, X = U, N pU . We introduce an oracle function
f which knows the preparation of an operation in the box with certainty: it produces outcomes 0
for X = U and 1 for X = N pU . Then, we denote by T an one-shot strategy to determine the value of
the unknown variable X. Further restrictions can be made on the strategy T such as LOCC when
state preparation and measurement are performed locally together with classical communication.
Channel identification can be described as the problem of finding a strategy T which maximizes the
probability that T (X) = f(X):
pguess = max
T
∑
X=U,NpU
Pr[T (X) = f(X)]
= max
T
(1− q) Pr[T (X) = 0|f(X) = 0] + q Pr[T (X) = 1|f(X) = 1]. (2)
Recall that 1 − q and q are a priori probabilities: X is given as a unitary transformation U with
probability 1− q, and as its noisy counterpart N pU with probability q.
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Suppose that the strategy applies global operations G, together with k-dimensional ancillary
system. For an input state ρ to the box, there are two possibilities, (idk ⊗ U)ρ(idk ⊗ U)† and
idk⊗N pU [ρ], which need to be discriminated by measurement. Note that ancillary systems k > 1 are
useful when quantum channel discrimination can be improved by exploiting entanglement between
system and ancillas [12, 13, 19]. In this case, an optimal input state is entangled and the optimal
measurement may also be a collective measurement on the global system, i.e., the system and
ancillas.
Our goal here is to identify implementation of a two-qubit gate, which can generate entangled
states. If entanglement between system and ancillas is to be exploited for the purpose, it means
that another implementation of a two-qubit gate to generate entangled resources is required. Since
we want to avoid the cost associated with any non-local resources, we restrict the consideration to
cases where ancillas are not exploited and consequently entangled resources are not applied. When
entangled resources in systems are not exploited, one can easily find that ancillary systems are of
no use in this case to improve quantum channel discrimination.
Without ancillary systems, discrimination of channels works by preparing an optimal state in
such a way that the resulting states, after the channel use, are the most distinguishable. In this
case, for global strategies T = G, we have
p(G)guess = max
ρ
max
Π0,Π1
(1− q)tr[UρU†Π0] + qtr[N pU (ρ)Π1]
=
1
2
+
1
2
max
ρ
‖(1− q)UρU† − qN pU (ρ)‖1 (3)
where Π0 and Π1 are POVMs such that Π0 + Π1 = I, and ‖ · ‖1 means the L1-norm. This is a
well-known result in minimum-error state discrimination between two quantum states [20], see also
related reviews [21] [22] [23] [24] [25]. Note that, in the above, the optimization is performed
over all two-qubit states and then is achieved by a pure state. It is straightforward to compute the
guessing probability, as follows,
p(G)guess =
1
2
(
1 +
3
4
pq +
∣∣∣∣1− 2q + 34pq
∣∣∣∣) (4)
When 1− 2q + 34pq < 0, we have p(G)guess = q where the measurement contains only a single POVM,
the identity. This corresponds to the case where no measurement is actually applied. The optimal
strategy is to guess the noisy channel N pU all the time without measurement. When 1−2q+ 34pq ≥ 0,
both POVM elements are non-zero, and the guessing probability is given by p
(G)
guess = 1− q + 3pq/4.
The guessing probability is obtained with an optimal input state |ψ〉 that may be entangled and also
by applying collective measurement, i.e. measurement in entangled basis. In what follows, we show
that local resources can indeed attain optimal discrimination shown in Eq. (4) and also present the
LOCC protocol.
4 Optimal discrimination with local resources
We here consider the strategy T = LOCC for optimal discrimination between the ideal one U and
its noisy counterpart N pU appearing with probability 1− q and q, respectively. The so-called LOCC
norm has been introduced in Ref. [26] in an operational way,
‖X‖LOCC = sup
M∈LOCC
‖M(X)‖1
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where M denotes a set of POVMs or quantum instruments associated to LOCC. In terms of the
LOCC norm, the guessing probability in Eq. (2) can be found as follows,
p(LOCC)guess = max
T=LOCC
(1− q) Pr[f(T (X)) = 0|f(X) = 0] + q Pr[f(T (X)) = 1|f(X) = 1].
=
1
2
+
1
2
max
ρ∈SEP
‖(1− q) UρU† − q N pU (ρ)‖LOCC. (5)
In the above, the LOCC norm ‖ · ‖LOCC can be achieved by LOCC protocol to discriminate
between two resulting states UρU† and N pU (ρ) appearing with probabilities 1− q and q respectively.
This corresponds to local measurements wired by classical communication, see Fig. (2). Then,
the LOCC norm is to be maximized over all separable states, since only a separable state can be
prepared in an LOCC protocol. Since pure states are extremal, it suffices to consider pure states in
the optimization, i.e., ρ = |ψ〉〈ψ| ⊗ |φ〉〈φ| for some states |ψ〉 ∈ HA and |φ〉 ∈ HB . In the following,
we show that p
(G)
guess = p
(LOCC)
guess , i.e., in Eq. (5) we have ‖ · ‖LOCC = ‖ · ‖1 and the maximization can
be achieved by a product state.
4.1 LOCC discrimination
To characterize quantum state discrimination with an LOCC protocol, we present the following
theorem that leads to simplification of the analysis.
Theorem 1. For bipartite quantum states {qi, ρi}2i=1, where ρi ∈ S(HA ⊗HB) and S denotes the
set of quantum states on a Hilbert space, let {Πi}2i=1 denote POVMs for optimal discrimination. We
also denote normalized POVMs by Π˜i = Πi/tr[Πi] for i = 1, 2, which thus correspond to quantum
states. It holds that ‖q1ρ1 − q2ρ2‖LOCC = ‖q1ρ1 − q2ρ2‖1 if and only if two normalized POVMs
{Π˜i}2i=1 can be perfectly discriminated by an LOCC protocol.
In the problem of discrimination between U and N pU , the resulting states UρU† and N pU [ρ] for an
input state ρ may be entangled. Theorem 1 shows that from discrimination between two normalized
optimal POVMs, one can find if optimal discrimination between the states in Eq. (4) can be
achieved by an LOCC protocol. Therefore, we are here concerned with perfect discrimination by
LOCC between two normalized POVMs Π˜1 and Π˜2, which correspond to the optimal discrimination
between UρU† and N pU [ρ] for an input state ρ.
Before proceeding to the proof, we describe the feature of a general LOCC protocol on a shared
state ρAB . Without loss of generality, we assume that Alice first begins a protocol, in which {KAj }
denote her Kraus operators, i.e. it holds that
∑
j K
A
j
†
KAj = IA. Alice’s local operation on a shared
state is described by {KAj ⊗ idB}. Bob acknowledges Alice’s measurement outcome, denoted by
k1, according to which he devises local operations described by Kraus operators {LBj|k1} such that∑
j L
B
j|k1
†
LBj|k1 = IB . Let l1 be Bob’s outcome in the first round, after which the resulting state is
given by, up to normalization,
ρAB 7→ (I⊗ LBl1|k1)(KAk1 ⊗ I) ρAB (KAk1 ⊗ I)†(I⊗ LBl1|k1)†.
Note that this happens with the following probability
p1 = tr[(I⊗ LBl1|k1
†
LBl1|k1)(K
A
k1
†
KAk1 ⊗ I)ρAB ].
According to the outcomes (k1, l1), Alice decides local operations to apply, denoted by {KAj|(k1,l1)},
and obtains an outcome denoted by k2, corresponding to which Bob performs local operations
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{LBj|k2(k1,l1)}. Let (k2, l2) denote the measurement outcome in the second round. After the n-th
round, we write the outcomes as
(~kn,~ln) := (kn, ln)(kn−1, ln−1) · · · (k1, l1).
One can assume that, without loss of generality, an LOCC protocol terminates on the Bob’s side
with finite n.
Then, the n-th Kraus operators of Alice and Bob can be generally written as
KA
(~kn,~ln)
= KA
kn|(~kn−1,~ln−1)K
A
kn−1|(~kn−2,~ln−2) · · ·K
A
k1
LB
(~kn,~ln)
= LB
ln|kn(~kn−1,~ln−1)L
B
ln−1|kn−1(~kn−2,~ln−2) · · ·L
B
l1|k1
In this way, the resulting Kraus operators of Alice and Bob {EABLOCC
(~kn,~ln)
}(~kn,~ln) of the n rounds for
measurement outcomes (~kn,~ln) are described by
EABLOCC
(~kn,~ln)
= KA
(~kn,~ln)
⊗ LB
(~kn,~ln)
(6)
such that
∑
(~kn,~ln)
EABLOCC
(~kn,~ln)
†
EABLOCC
(~kn,~ln)
= IAB . With this description of LOCC, the proof of the
aforementioned theorem is presented below.
Proof. (⇐) Suppose the two states Π˜1 and Π˜2 can be perfectly discriminated by some LOCC pro-
tocol. This means that for all sequences of outcomes of the LOCC protocol, (~kn,~ln), one can con-
clusively rule out one of the two states being present. This implies that all sequences {(kn, ln)} can
be partitioned into two classes: {(~sn,~tn)} and {(~vn, ~wn)} such that POVM elements corresponding
to them EABLOCC
(~sn,~tn)
†
EABLOCC
(~sn,~tn)
and EABLOCC(~vn, ~wn)
†
EABLOCC(~vn, ~wn) satisfy the following
tr[Π˜2 E
ABLOCC
(~sn,~tn)
†
EABLOCC
(~sn,~tn)
] = 0 and tr[Π˜1 E
ABLOCC
(~vn, ~wn)
†
EABLOCC(~vn, ~wn) ] = 0.
Since POVM elements of the LOCC protocol is complete, we have that∑
(~sn,~tn)
EABLOCC
(~sn,~tn)
†
EABLOCC
(~sn,~tn)
= Π1 and
∑
(~vn, ~wn)
EABLOCC(~vn, ~wn)
†
EABLOCC(~vn, ~wn) = Π2
This shows that the LOCC protocol implements the corresponding POVM: {Π1,Π2}, and hence,
the LOCC protocol is optimal to discriminate between states {qi, ρi}2i=1.
(⇒) Conversely, we assume that Alice and Bob can implement the optimal discrimination for
states {qi, ρi}2i=1 by an LOCC protocol. This implies that all (~kn,~ln) can be partitioned into two
classes {(~sn,~tn)} and {(~vn, ~wn)} such that the given states are optimally discriminated by the POVM
elements in the following
Π′1 ≡
∑
(~sn,~tn)
EABLOCC
(~sn,~tn)
†
EABLOCC
(~sn,~tn)
and Π′2 ≡
∑
(~vn, ~wn)
EABLOCC(~vn, ~wn)
†
EABLOCC(~vn, ~wn) .
In Ref. [20] it is shown that for two-state discrimination, POVM elements are unique, by which
we have that Π′1 = Π1 and Π
′
2 = Π2. Now note that the POVM elements Π1 and Π2, for two state
discrimination, are projectors, hence Π1Π2 = 0. This immediately implies that the states Π˜1 and
Π˜2 can be perfectly discriminated by the same LOCC protocol.
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4.2 LOCC preparation
To exclude all possible non-local resources, we require not only measurement to be restricted to
LOCC but also that our input state ρAB be a separable state, see Fig. (2). Since pure states are
extremal, it suffices to consider a product state, denoted by |ψ〉. That is, we aim to find a product
state |ψ〉 such that normalized POVMs Π˜1 and Π˜2, given as optimal measurement for discrimination
between the resulting states U |ψ〉〈ψ|U† and N pU [|ψ〉〈ψ|], can be perfectly discriminated by LOCC.
In fact, using the result of two-state discrimination [20], optimal POVMs can be found as follows,
Π˜1 = U |ψ〉〈ψ|U† and Π˜2 = 1
3
(I− U |ψ〉〈ψ|U†) (8)
In the following, we show the necessary and sufficient condition that Π˜1 and Π˜2 can be perfectly
discriminated by LOCC.
Lemma 2 ( [35]). For a two-qubit gate U , one can perfectly discriminate between the states Π˜1 and
Π˜2 in Eq. (8) by LOCC if and only if U |ψ〉 is a product state. Then, the perfect discrimination can
be obtained by a one-way LOCC protocol.
Proof. (⇐) Suppose that U |ψ〉 be a product state, denoted by U |ψ〉 = |c〉|d〉, where |c〉 ∈ HA and
|d〉 ∈ HB . Then, the other POVM has a decomposition as follows,
Π˜2 =
1
3
(|c⊥, d〉〈c⊥, d|+ |c, d⊥〉〈c, d⊥|+ |c⊥, d⊥〉〈c⊥, d⊥|) , (9)
where 〈c|c⊥〉 = 〈d|d⊥〉 = 0. The LOCC protocol for perfect discrimination between Π˜1 and Π˜2 is
straightforward. Alice applies measurement in the orthonormal basis {|c〉, |c⊥〉} and Bob does also
in the orthonormal basis {|d〉, |d⊥〉}. Then if Alice obtains the outcome |c〉 and Bob the outcome
|d〉, they declare that state Π˜1 is shared. Otherwise, they conclude state Π˜2. In this way, two parties
can perfectly discriminated between two state Π˜1 and Π˜2.
(⇒) Conversely, suppose that states Π˜1 and Π˜2 can be perfectly discriminated by a one-way
LOCC protocol. Let Alice start the protocol, and KA denotes one of the Kraus operators of
Alice’s measurement in the one-way protocol for perfect discrimination. Consequently, the post-
measurement states are given by,
(KA ⊗ I)Π˜1(KA ⊗ I)† and (KA ⊗ I)Π˜2(KA ⊗ I)†. (10)
Since a Kraus operator KA on Alice’s side leads to perfect discrimination, the post-measurement
states in the above are orthogonal, i.e.,
tr[(KA ⊗ I)Π˜1(KA ⊗ I)†(KA ⊗ I)Π˜2(KA ⊗ I)†] = 0
Rewriting the equation in the above, one can find that Π˜1(K
†
AKA ⊗ I)Π˜2 = 0. Let {|φ1〉, |φ2〉, |φ3〉}
be an orthonormal basis for the support of Π˜2. From Eq. (8) it follows that,
trA[K
†
AKA(trB [|φj〉〈ψ|U†])] = 0, ∀j ∈ {1, 2, 3}. (11)
That is, measurement KA
†KA is orthogonal to the reduced operator trB [|φj〉〈ψ|U†] for all j = 1, 2, 3.
Let U |ψ〉 have the following Schmidt decomposition.
U |ψ〉 = µ|c〉|d〉+
√
1− µ2|c⊥〉|d⊥〉 (12)
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Suppose µ ∈ (0, 1) for which the state U |ψ〉 in the above is entangled. Since Π˜1 and Π˜2 are
orthogonal, one can find that the states {|φj〉}3j=1 in the support of Π˜2 are written as follows,
|φ1〉 = −
√
1− µ2|c〉|d〉+ µ|c⊥〉|d⊥〉, |φ2〉 = |c〉|d⊥〉, and |φ3〉 = |c⊥〉|d〉
for |c〉 ∈ HA and |d〉 ∈ HB under the assumption that µ ∈ (0, 1). Consequently, from Eq. (11) the
resulting operators trB
(|φj〉〈ψ|U†) for j = 1, 2, 3 on the Alice side, that are orthogonal to K†AKA,
can be obtained as follows,
µ
√
1− µ2 (|c⊥〉〈c⊥| − |c〉〈c|) ,
√
1− µ2|c⊥〉〈c|, and µ|c〉〈c⊥|. (13)
Then, we have K†AKA ∝ |c〉〈c| + |c⊥〉〈c⊥| = I, that is, the measurement corresponds to an identity
I. This leads to the contradiction to the assumption that Alice’s measurement can make two states
in Eq. (10) perfectly distinguishable, since the measurement is given by κI for some κ ∈ (0, 1].
Therefore, the state in Eq. (12) is not entangled, i.e., we have µ = 0 or µ = 1, so that Alice’s
measurement K†AKA can lead to perfect discrimination. We have shown that the state in Eq. (12)
is a product state.
4.3 LOCC protocol for detecting noisy two-qubit gates
We can now identify the problem of finding a product two-qubit state |ψ〉 such that the resulting
state U |ψ〉 also remains a product state. From Lemma 2, this implies that two states in Eq. (8),
optimal POVMs for discriminating between a two-qubit gate U and its noisy counterpart N pU , can
be perfectly discriminated by LOCC. From Theorem 1, therefore, two operations U and N pU can be
perfectly discriminated by LOCC.
Theorem 3. For any two-qubit gate U , there exists a product state |ψ〉 such that is resulting state
U |ψ〉 is also a product state.
Proof. A two-qubit gate has a canonical decomposition as follows [27] [28],
U = (UA ⊗ UB)Ud (VA ⊗ VB) , (14)
with UA, VA, UB , and VB local unitary transformations and Ud an entangling unitary transformation,
Ud =
4∑
j=1
eiλj |Φj〉〈Φj | where (15)
|Φ1〉 = 1√
2
(|00〉+ |11〉), |Φ2〉 = 1√
2
(|00〉 − |11〉),
|Φ3〉 = 1√
2
(|01〉 − |10〉), |Φ4〉 = 1√
2
(|01〉+ |10〉).
In the following, we show that one can find a product state that is also a product state after an
entangling gate. Then, we extend it to arbitrary two-qubit gates.
A two-qubit state can be written in the basis in the above,
|ψ〉 =
4∑
j=1
αj |Φj〉
which is a product state if and only if
α21 − α22 + α23 − α24 = 0. (16)
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After applying an entangling gate in Eq. (15), the resulting state U |ψ〉 is separable if and only if(
eiλ1α1
)2 − (eiλ2α2)2 + (eiλ3α3)2 − (eiλ4α4)2 = 0 (17)
One aims to find a vector ~α = (α21, α
2
2, α
2
3, α
2
4) such that the conditions of a product state in Eqs.
(16) and (17) are satisfied. Let us rewrite Eqs. (16) and (17) as conditions as follows,
~t · ~α = 0, ~ure · ~α = 0, and ~uim · ~α = 0 (18)
where three vectors are defined as ~t = (1,−1, 1,−1)T , ure = (cos 2λ1,− cos 2λ2, cos 2λ3,− cos 2λ4)T ,
and uim = (sin 2λ1,− sin 2λ2, sin 2λ3,− sin 2λ4)T . These vectors define a subspace, denoted by SU in
R4, whose dimension is less than or equal to three, i.e., dimSU≤3. Hence, its orthogonal complement
subspace S⊥U is not a null space, i.e., dimS
⊥
U ≥ 1. Since ~α is orthogonal to the subspace SU , one can
always find ~α ∈ S⊥U that satisfies the conditions in Eq. (18). This shows the existence of a product
state |ψ〉 that remains separable after application of an entangling unitary transformation.
We now extend the result to arbitrary two-qubit gates. From the results shown so far, for an
entangling unitary gate Ud one can always find a product state |ψ〉 = |a〉|b〉 for some |a〉 ∈ HA
and |b〉 ∈ HB such that such that Ud|a〉|b〉 is a product state, denoted by Ud|a〉|b〉 = |c〉|d〉. For an
arbitrary two-qubit gate in Eq. (14), choose |ψ〉 =
(
V †A ⊗ V †B
)
|a〉|b〉 so that U |ψ〉 = (UA ⊗ UB) |c〉|d〉,
which is also a product state.
In addition, an LOCC protocol to discriminate between two optimal POVM elements can be
constructed as follows. Two optimal POVM elements Π˜1 = U |ψ〉〈ψ|U and Π˜2 =
(
1− U |ψ〉〈ψ|U†) /3
can be decomposed
Π˜1 = (UA ⊗ UB)|c, d〉〈c, d|(UA ⊗ UB)†
Π˜2 ∝ (UA ⊗ UB)
(
|c⊥, d〉〈c⊥, d|+ |c, d⊥〉〈c, d⊥|+ |c⊥, d⊥〉〈c⊥, d⊥|
)(
U†A ⊗ U†B
)
.
To distinguish between the POVM elements the following measurements are then performed during
the LOCC protocol: {UA|c〉, UA|c⊥〉} on the Alice’ side and {UB |d〉, UB |d⊥〉} on the Bob’s side, and
they communicate the measurement outcomes. When Alice and Bob get their respective outcomes
as UA|c〉 and UB |d〉, they conclude that POVM element they had was Π˜1. For any other choice of
outcomes, they conclude the POVM element Π˜2. In this way, they can discriminate between two
POVM elements by LOCC. Thus, the protocol can discriminate between a gate U and its noisy one
N pU in an optimal way.
5 Examples
We have shown that a two-qubit gate U and its noisy counterpart N pU can be optimally discriminated
by LOCC. The LOCC protocol can be constructed if there exists a product state that remains
separable after application of a two-qubit gate U . In the following, we present examples of two-qubit
gates that are often applied in a realistic scenario and show how the protocol works in practice.
5.1 The Controlled-NOT gate
The controlled-NOT (CNOT) gate is one of the standard components in finite sets of universal
quantum gates. Let Uc denote the CNOT gate. It implements the following transformation on the
computational basis states |a〉|b〉 where a, b ∈ {0, 1} : Uc|a〉|b〉 = |a〉|b ⊕ a〉, where ⊕ denotes the
addition modulo 2. The results in Sec. 4 has shown that the LOCC protocol can be constructed by
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finding a product state that remains separable under application of the CNOT gate. Then, local
measurements are applied, and the conclusion of the discrimination between Uc and N pUc can be
made by communication with the measurement outcomes.
One can easily find that state |ψ〉 = |0〉|0〉 remains the same under the CNOT gate, i.e. Uc|00〉 =
|00〉. POVMs for the optimal discrimination are obtained as follows,
Π1 = |0〉A〈0| ⊗ |0〉B〈0|
Π2 = IA ⊗ IB − |0〉A〈0| ⊗ |0〉B〈0|. (19)
Note that the optimal measurements are in the computational basis.
As it is shown in the previous section, the LOCC protocol of discrimination between two POVMs
Π˜1 and Π˜2 works for discrimination between Uc and N pUc . Let LOCCc denote the protocol, which
works as follows. Alice and Bob apply measurements in the computational basis, {|0〉A, |1〉A} and
{|0〉B , |1〉B}, and communicate their measurement outcome. If they find the outcome 00, they
conclude the gate operation is noiseless, i.e., the unitary gate Uc. Otherwise, for outcomes 01, 10,
and 11, they conclude that there exists noise, i.e., N pUc is performed.
Let us illustrate how the LOCC protocol can be used to find if a gate operation is unitary or
noisy in a practical realization, see Fig. (2).We consider a scenario that a gate operation is unitary
Uc and noisy N pUc with probabilities 1− q and q, respectively. Recall the oracle function f that gives
outcomes 0 if X = Uc and 1 if X = N pUc . Let T = LOCCc denote the LOCC strategy. Then, we
compute
p(LOCC)guess = (1− q)Pr[LOCCc(X) = 0|f(X) = 0] + qPr[LOCCc(X) = 1|f(X) = 1]
where LOCCc(X) gives conclusion 0 if the protocol LOCCc finds X as a unitary gate and 1 otherwise.
As it is explained in the above, for measurement outcome 00 on register AB, we have LOCCc(X) = 0
and, otherwise for 01, 10, and 11, we have LOCCc(X) = 1.
Suppose that an input state |ψ〉 = |00〉 is prepared. If the CNOT gate is applied, the outcome
is 00 with certainty: Pr[LOCCc(X) = 0|f(X) = 0] = 1. When its noisy counterpart is applied, we
have Pr[LOCCc(X) = 1|f(X) = 1] = 3p/4 since outcomes 01, 10 and 11 appear with probability
p/4 respectively. Thus we have, p
(LOCC)
guess = 1 − q + 34pq, which is equal to p(G)guess in Eq. (4). Thus,
for the CNOT gate it is shown that p
(LOCC)
guess = p
(G)
guess.
5.2 SWAP Gate
Let Us denote the SWAP gate, that works as Us|a〉A|b〉B = |b〉A|a〉B for qubit states {|a〉, |b〉} ∈
{|0〉, |1〉}. For an input state |ψ〉AB = |a〉A|b〉B , the resulting state Us|ψ〉 = |b〉A|a〉A is separable.
The measurement outcome ba on AB leads to the conclusion that X = Us, and otherwise for b¯a, ba¯
and b¯a¯ where x¯ = 1 − x ( mod 2), a noisy channel X = N pUs . One can find that p
(LOCC)
guess = p
(G)
guess
for the SWAP gate, too.
6 How useful is LOCC for channel discrimination?
In the construction of the LOCC protocol to detect a noisy channel, we have assumed that the noisy
counterpart is in the form in Eq. (1). This can be obtained by a depolarization protocol [32] or
the technique of twirling quantum channels [33, 34]. Then, it is shown that optimal discrimination
between two-qubit unitary U and N pU can be achieved by LOCC, i.e., we have
p(LOCC)guess =
1
2
(
1 +
3
4
pq +
∣∣1− 2q + 3
4
pq
∣∣), (20)
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for which the protocol can be constructed from the results.
We remark the significance of the depolarization before proceeding to the LOCC discrimination.
Suppose that that the depolarization is not yet applied, in particular, the noisy channel is given as
NUc [ρ] = (1− p)UcρU†c + pU ′ρU ′†, (21)
where Uc is the CNOT gate and U
′ = Uc (UA ⊗ UB) with UA = |0〉〈0|+i|1〉〈1| and UB = |0〉〈0|+i|1〉〈1|.
With global strategies, one can find that p
(G)
guess = (1/2 + 3p/8), when q is set equal to 1/2. This can
be achieved with the input state |φ+〉 = (|00〉+ |11〉)/√2.
However, the optimal discrimination between two operations Uc and NUc cannot be achieved by
LOCC, i.e. p
(LOCC)
guess < p
(G)
guess. To have that p
(G)
guess = p
(LOCC)
guess we need the condition that the following
holds true
max
ρ
‖UcρU†c −NUc [ρ]‖1 = max
ρ∈SEP
‖UcρU†c −NUc [ρ]‖LOCC.
One can find that the above can be rewritten equivalently as follows,
max
ρ
‖UcρU†c − U ′ρU ′†‖1 = max
ρ∈SEP
‖UcρU†c − U ′ρU ′†‖LOCC,
which, however, does not hold true in general as it is shown in Ref. [18]. That is, for discrimination
between U and U ′, there is a gap between LOCC and global strategies.
Estimation of the Noisy Parameter p
We remark that Eq. (20) shows a relation between the guessing probability and the noise fraction
p. Recall that q is a priori probability. This means that, conversely, the noise fraction p can be
obtained by finding p
(LOCC)
guess if q is known. Note that the value of p depends on the noisy channel
N pU only, i.e., it does not depend on the value of the a priori probability q. Since Alice and Bob do
not have a noiseless unitary U in their possession, they can choose q to be equal to one, i.e., q = 1.
When q = 1, then the term 1 − 2q + 34pq becomes 34p − 1, which is always negative, i.e., 34p < 1.
Despite this, we can still use our derivation in Eq. (4) to estimate p using only local resources. In
fact, Alice and Bob can use the same protocol as mentioned in Eq. (4), but now, instead of using the
protocol for a single-shot channel identification, they use multiple rounds to obtain the frequences
f0 for outcome UA|c〉 and UB |d〉 respectively, and f1 for any other outcomes. From Eq. (1), it is
easy to see that p = 43f1. Thus, they can estimate the value of p using only local resources.
7 Conclusion
In this work, we have exploited quantum channel discrimination to detect a noisy channel in quantum
gates. We have investigated discrimination between a two-qubit unitary transformation and its noisy
counterpart with local resources. It is shown that for the noisy counterpart with the depolarization
channel, LOCC suffice to achieve optimal discrimination of global strategies. The LOCC protocol
is also illustrated with examples of the CNOT and the SWAP gates. Note that the protocol can
be readily applied in practice to detect if a gate in a quantum circuit is noisy, or not. Moreover,
the noise fraction can also be estimated by the protocol. Finally, our results can be generalized to
arbitrary noisy channels with the channel twirling [32, 33, 34], where the depolarization of a noisy
channel, however, contains applications entangled unitary transformations. It would be interesting
to find if twirling of quantum channels can be replaced with an LOCC protocol, so that detection
of noisy channels can be generally performed with local resources only.
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